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GEOMETRICAL SETTING FOR THE CORRESPONDENCE BETWEEN GRAVITY AND
CHERN-SIMONS FIELD THEORIES
S. CAPRIOTTI
ABSTRACT. In the present article, Chern-Simons gauge theory and its relationship with
gravity are revisited from a geometrical viewpoint. In this setting, our goals are twofold: In
one hand, to show how to represent the family of variational problems for Chern-Simons
theory in the set of K-structures on the space-time M, by means of a unique variational
problem of Griffiths type. On the other hand, to make an interpretation of the correspon-
dence of these theories in terms of the correspondence between the frame bundle and its
affine counterpart.
1. INTEGRABLE FIELD THEORIES AND GRAVITY
Chern-Simons field theory is a well-known type of gauge field theory [CS74; DJT82;
Fre95] whose quantization yields to topological field theory [Wit88a; RSW89]. In its
more general setting [Fre95], the fields in Chern-Simons gauge theory are connections
on any K-principal bundle with fixed base space. In this vein, the Chern-Simons action
is considered as a function on the (infinite dimensional) manifold of the K-connections
on a fixed base space M, and it is evident that the construction of this manifold requires
a precise knowledge of every K-principal bundle on M. Although this operation can be
performed successfully (getting more complicated as the dimension of M increases), this
scheme is out of range of the geometrical formulation for field theory [GIM97; Ble81;
LSVn15; LMD03; EEMLRR96], because in this approach the fields should be sections of
a definite bundle (preferably, of finite dimension). For example, in [Tej04] is described a
scheme for Chern-Simons field theory fitting in these geometrical requirements, based in
a variational problem posed by local Lagrangians. Another mathematical formulation in
this vein, using Cartan connections as fields, was presented in [Wis+09].
On the other hand, it is an interesting result [AT86; Wit88b] that when gauge group is
the Poincaré group ISO (2, 1), Chern-Simon field theory in dimension 3 can be related with
Palatini gravity on a spacetime of the same dimension. This correspondence is achieved
by the splitting
iso (2, 1) = so (2, 1) ⊕ R3,
that decomposes the field A in two parts, one living in R3 and another in so (2, 1); the idea
is to recognize each of these fields as a vierbein and a so (2, 1)-connection respectively,
which can be seen as the basic fields for the Palatini description of general relativity. In
[Wis+09], this scheme is generalized to pair of algebras g ⊂ h defining a Cartan connec-
tion on a G-principal bundle π : P →M.
A remarkable fact is that, in some of these descriptions of Chern-Simons theory and its
connection with gravity, is usual a certain lack of definiteness with respect to the nature
of the principal bundle to which the connections of the theory belongs. While the cor-
responding base space and structure group are properly set, it is avoided any precision
1
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on the geometrical characteristics of such bundle. Not that it keeps people away from
working with Chern-Simons gauge theory: It is in this context where frameworks like the
one discussed by Freed are fruitful. Moreover, the informed reader could recall that when
dealing with gravity, a metric is available, and it can be used to select suitable subbundles
of the frame bundle. Nevertheless, this answer should be considered as partial, and in
fact might put us in a paradoxical situation, because the metric is part of the dynamical
fields in gravity, and so it should be necessary to solve the equations of motion of gravity
before constructing the bundle where the fields should live. Therefore, it seems to ap-
pear a tension between the formalism describing field theory from a geometric viewpoint,
and the characteristics that a Chern-Simons gauge theory must have in order to represent
gravity. At the end, the apparent paradox is solved by invoking the gauge symmetry of the
Lagrangian, but it could be interesting to explore how to deal with this paradox from a
geometrical point of view.
As we mentioned above, when working with Chern-Simons theory from the viewpoint
of geometric mechanics, the extremals of the variational problem describing it should live
on the space of sections of a unique bundle (preferably finite dimensional). On the other
hand, although the structure group for the principal bundle used for the usual Palatini
gravity description is the Lorentz group [Heh+95; VCB05], there is in general no canonical
principal bundle with this group as structure group. In fact, recall the bundle of frames
τ : LM→M
with structure group GL (m,R) (see Definition (2.1) below). If the extremals of Chern-
Simons gauge theory are determined in some extent from sections of a connection bundle
with structure group K ⊂ GL (m,R), it would be nice to find the associated principal
bundle between the K-structures onM, that is, between the K-principal subbundles of the
frame bundle. But, when K = SO (p, q) , p + q = dimM, it is equivalent to have a section
of the quotient bundle
τΣ : Σ := LM/K→M,
namely, to select a metric onM with the given signature.
These considerations set the aims of the article. In first place, we are seeking to find
a kind of universal variational problem, whose extremals represent the extremals of any
Chern-Simons field theory formulated on the K-structures of M. It should be noted that
it solves the paradoxical situation mentioned above, because the space of extremals of the
variational problems on any of these K-structures is equivalent to the space of extremals
of the universal variational problem. Finally, we want to use this general setting in order
to describe the map that relates the sections of these K-structures with the sections of a
formulation of Palatini gravity. The main result in this direction is the following: we can
construct the bundle of affine frames β : AM → LM, essentially by enlarging the group
structure from GL (m,R) to
A (m,R) = GL (m,R)⋉Rm,
the group of affine transformation of Rm. This construction extends to the bundles of
connections, and in fact, there exists a one-to-one correspondence between the connec-
tions associated to every bundle, if we fix the Rm-part by using the canonical solder form
θ ∈ Ω1 (LM,Rm). In this setting, the other interesting result achieved in the present work
tells us that Palatini gravity, considered as variational problem on the jet space of the frame
bundle J1τ, can be considered as equivalent to the universal Chern-Simons gauge theory
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on J1 (τ ◦ β), the jet space of the affine frame bundle on M. Namely, the universal varia-
tional problem for Chern-Simons theory is nothing but a variational problem for Palatini
gravity, but instead lifted to the affine frame bundle using a classical construction [KN63].
Let us briefly describe the structure of the article. The geometrical tools used through-
out the article are presented in Section 2. Given a K-principal bundle, the collection of
local variational problems on the associated bundle of connections described in [Tej04]
are related to a global variational problem in Section 3; in order to deal with this com-
parison, a special kind of variational problems is introduced in this section. The main
result of the section is Theorem 1. The universal variational problem for Chern-Simons
gauge is constructed in Section 4; Theorem 2 proves that locally, its extremals are in one-
to-one correspondence with the extremals of Chern-Simons theory on any K-subbundle,
provided that some condition on this family holds. The classical construction of the affine
frame bundle is reviewed in Section 5. Chern-Simons gauge variational problem for Lie
group A (3,R) is set in Section 6; it is achieved by specializing the universal variational
problem defined in Section 4 to the particular case where the gauge group is the gen-
eral affine group A (m,R), and some particularities are discussed regarding the invariant
bilinear form when m = 3. The relation between this universal variational problem for
Chern-Simons theory and Palatini gravity is considered in Section 7; the main result of the
section becomes Corollary 2, where it is proved the equivalence between this universal
variational problem on the jet bundle of the affine frame bundle and the description of
Palatini gravity as a variational problem on the jet bundle of the (usual) bundle of frames.
Notations. We are adopting here the notational conventions from [Sau89] when dealing
with bundles and its associated jet spaces. It means that, given a bundle π : P →M, there
exists a family of bundles and maps fitting in the following diagram
· · · Jk+1π Jkπ · · · J1π P
· · · · · ·
M
pik+1,k
pik+1
pik,k−1
pik
pi21
pi1
pi10
pi
Sections of π : P → M will be indicate by the symbol Γπ. The set of vectors tangent to P
in the kernel of Tπ will be represented with the symbol Vπ ⊂ TP. In this regard, the set of
vector fields which are vertical for a bundle map π : P →M will be indicated by XVpi (P).
The space of differential p-forms, sections of Λp(T∗Q) → Q, will be denoted by Ωp(Q).
We also write Λ•(Q) =
⊕dimQ
j=1 Λ
j(T∗Q). If f : P → Q is a smooth map and αx is a p-
covector on Q, we will sometimes use the notation αf(x) ◦ Txf to denote its pullback f∗αx.
If P1 → Q and P2 → Q are fiber bundles over the same base Q we will write P1 ×Q P2 for
their fibered product, or simply P1 × P2 if there is no risk of confusion. Unless explicitly
stated, the canonical projections onto its factor will be indicated by
pri : P1 × P2 → Pi, i = 1, 2.
Given a manifoldN and a Lie group G acting onN, the symbol [n]G for n ∈ Nwill indicate
the G-orbit in N containing n; the canonical projection onto its quotient will be denoted
by
pNG : N→ N/G.
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Also, if g is the Lie algebra for the group G, the symbol ξN will represent the infinitesimal
generator for the G-action asssociated to ξ ∈ g. Finally, Einstein summation convention
will be used everywhere.
2. SOME GEOMETRICAL TOOLS
Throughout the article, we will make extensive use of the geometrical tools related to
the jet space associated to a principal bundle, as well as its connection bundle, as they are
discussed in [Gar72; CM01]. So, in order to proceed, let p : Q→ N be a principal bundle
with structure group H; then we can lift the right action of H on Q to a H-action on J1p,
and so define the bundle
p : C (Q) := J1p/H→M
fitting in the following diagram
J1p
Q C (Q)
M
p10 p
J1p
H
p p
It can be proved that this diagram defines J1p as a pullback, namely, that
J1p = p∗Q = Q×M C (Q) .
We know that J1p comes equipped with the contact structure, that can be described by
means of a Vp-valued 1-form
θ|j1xs
:= Tj1xsp10 − Txs ◦ Tj1xsp1;
moreover, because p : Q → N is a principal bundle, we have the bundle isomorphism on
Q
Vp ≃ Q× h.
It means that we can consider θ as a h-valued 1-form; in fact, with respect to the K-
principal bundle structure
pJ
1p
H : J
1p→ C (Q) ,
the 1-form θ becomes a connection form, dubbed canonical connection form. It has the
following property.
Proposition 1. Let ΓQ : Q → J1p be a connection on Q. Then its connection form ωQ ∈
Ω1 (Q, h) can be constructed from the canonical connection form through pullback along ΓQ,
ωQ = Γ
∗
Qθ.
For any manifoldM of dimensionm, the bundle τ : LM→M is the frame bundle ofM,
is defined through
(2.1) LM :=
⋃
x∈M
{u : Rm → TxM linear and with inverse} .
It has a canonical free GL (m,R)-action, given by the formula
u ·A := u ◦A, u ∈ LM,A ∈ GL (m,R) .
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Let η ∈ Mm (R) be a non degenerate symmetric m ×m-matrix with real entries; for
definiteness, we will fix
η :=


−1 0 · · · 0
0 1 0
...
. . .
...
0 · · · 0 1

 ,
although the constructions we will consider in the present article should work with any
signature. Then we have a Lie group K ⊂ GL (m,R) defined by
(2.2) K :=
{
A ∈Mm (R) : AηA
T = η
}
.
Then we have an action of K on LM; it yields to a bundle
τΣ : Σ := LM/K→M.
Lemma 1. The bundle Σ is the bundle of metrics of η-signature onM.
Let us indicate with k the Lie algebra of K; then, we have that
k :=
{
a ∈ gl (m,R) : aη+ ηaT = 0
}
.
Accordingly, we can define the K-invariant subspace
(2.3) p :=
{
a ∈ gl (m,R) : aη− ηaT = 0
}
,
usually called transvections (see [Wis+09]); it follows that
gl (m,R) = k⊕ p.
We will need this result concerning some natural properties of the canonical connec-
tions.
Lemma 2. Let p : Q→ N be a H-principal bundle and iζ : Rζ →֒ Q a L-principal subbundle,
with projection
pζ : Rζ → N.
We have the following relation between the canonical connections on J1p and J1pζ, namely(
j1iζ
)∗
ω = A,
where ω ∈ Ω1
(
J1p, h
)
and A ∈ Ω1
(
J1pζ, l
)
are the corresponding canonical connection
forms.
Proof. The lemma follows from the formula
ω|j1xs
◦ Tj1xσ
(
j1iζ
)
= Tσ(x)iζ ◦ A|j1xσ ,
valid for any j1xs = j
1iζ
(
j1xσ
)
and j1xσ ∈ J
1pζ. 
Assuming that some topological conditions on the manifold M hold1, a family
{Oζ : ζ : M→ Σ}
of subbundles of LM can be constructed; namely, let us define
Oζ := {u ∈ LM : ζ (u (w1) , u (w2)) = η (w1, w2) for all w1, w2 ∈ Rm} .
1The existence of a metric with (p, q)-signature is equivalent to the splitting of the tangent bundle TM in a
direct sum of vector subbundles of rank p and q respectively.
GEOMETRICAL SETTING FOR GRAVITY AND CHERN-SIMONS 6
Here η : Rm × Rm → R indicates the bilinear form associated to the matrix η. Because
every member of this family is a K-reduction for LM, it has the property that for every
(local) section σ : U→ LM there exists a metric ζ0 : M→ Σ such that
σ (x) ∈ Oζ0
for any x ∈ U. In order to generalize this property, we will introduce the following defini-
tion.
Definition 1 (Complete family of subbundles for a principal bundle). Let p : Q→ N be a
principal bundle and F := {pζ : Rζ → N} a family of subbundles of Q with the following
property: For every (local) section s ∈ Γp, there exists Rζ ∈ F such that s ∈ Γpζ. We will
call to such family a complete family of subbundles.
3. LOCAL AND GLOBAL VARIATIONAL PROBLEMS FOR CHERN-SIMONS FIELD THEORY
Our first task is to establish a global variational problem for Chern-Simons gauge theory,
and to relate it with the formulation of Chern-Simons variational problem as a collection
of local variational problems, as it is done in [Tej04].
3.1. Definitions. In order to proceed, it will be necessary to work with a kind of varia-
tional problem slightly more general than those usually considered in field theory [Gar74;
Kru73].
Definition 2 (Variational problem on a bundle). A variational problem on E is specified by
a triple
(p : E→ N, λ, I)
where p : E → N is a bundle over a n-dimensional manifold N, λ ∈ Ωn (E) is a n-form
(called Lagrangian form) and I ⊂ Ω• (E) is an ideal in the exterior algebra of E, closed
by exterior differentiation. The underlying variational problem consists into finding the
extremals of the action
σ 7→
∫
N
σ∗λ,
where σ ∈ Γp belongs to the set of sections of p : E → N that are integral for the ideal I,
namely, such that σ∗α = 0 for every α ∈ I.
Remark 1. Sections s : N→ A that verify the constraints imposed by I, namely, such that
s∗α = 0
for all α ∈ I, are referred to as admissible sections.
Remark 2. A variational problem is classical (also called usual) when the bundle is the jet
space p1 : J1p→ N of a bundle p : E→ N, the Lagrangian form is p1-horizontal, and ideal
I is the contact structure Icon of J1p. If
(
xi, uA
)
are a set of adapted coordinates on E, this
ideal is locally generated by the set of forms
Icon =
{
duA − uAi dx
i, duBk ∧ dx
k
}
.
The equations describing the extremals of a classical variational problem are the so called
Euler-Lagrange equations. Variational problems described in Definition 2 are also known
in the literature as Griffiths variational problems [Gri82; Hsu92; Got91].
There is another generalization when dealing with classical variational problems [Tej04].
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Definition 3 (Classical variational problems defined by local data). Let {Uα} be a open
covering of N, and define the open sets
Vα := p
−1
1 (Uα) ;
let Iαcon be the pullback of the contact structure of J
1p to Vα for all α. A collection of
classical variational problems
C :=
{(
p1|Vα : Vα → Uα,Lα, Iαcon)}
is a classical variational problem defined by the local data {Uα,Lα} if the Euler-Lagrange
equations for its extremals coincide on every intersection Uα ∩Uβ.
A pair of classical variational problems defined by local data are equivalent if and only
if its Euler-Lagrange equations coincide whenever its domains intersect.
Remark 3. Given a open covering {Uα} for N and a classical variational problem(
p : J1p→ N,L, Icon) ,
there exists an equivalent classical variational problem defined by local data, where Lα is
the pullback to Vα of the global form L.
3.2. Liftings of variational problems. To compare variational problems of different na-
ture, it could be interesting to have a way to lift a variational problem from a bundle to its
jet bundle.
Definition 4 (Horizontalization operator). Let k, q be positive integers and p : Q → N a
bundle. The horizontalization operator is the map
h : Ωq
(
Jkp
)→ Ωq (Jk+1p)
defined by the formula
h (α)|jk+1x s := α|jkxs
◦ Txj
ks ◦ Tjk+1x spk+1
for all jk+1x s ∈ J
k+1p.
For
(
xi, uA
)
a set of adapted coordinates on p : Q→ N, such that (xi, uA, uAJ ) are the
induced coordinates on Jkp (J indicates multiindices), then we have that
h
(
dxi
)
= dxi, h
(
duA
)
= uAi dx
i, h
(
duAJ
)
= uAJ+idx
i.
Definition 5 (Lifting of a variational problem). Let p : E → Nn be a bundle, λ ∈ Ωn (E)
a Lagrangian n-form and α1, · · · , αq ∈ Ω1 (E) a set of forms. Let V be the variational
problem with action
s 7→
∫
U
s∗ (λ)
and constraints s∗αi = 0 for all 1 ≤ n ≤ q. The lifting of V is the variational problem V(1)
on J1p, defined by the Lagrangian n-form
λ(1) := h (λ) ∈ Ωn
(
J1p
)
and with constraints defined by the set of forms βi := p∗10αi, for 1 ≤ i ≤ q, and the
contact structure.
The relevance of the lifting of a variational problem is shown by the following result.
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Proposition 2. There exists a one-to-one correspondence between the extremals of a varia-
tional problem V and its lifting V(1). This correspondence is given by
s 7→ j1s and σ 7→ p10 ◦ σ.
Proof. Let s : V → E be an extremal for V; then
j1s : V → J1p
is an admissible section for the set of constraints {βi, θ contact}. Also∫
V
(
j1s
)∗
hλ =
∫
V
s∗λ;
therefore, if {st : V → E} is a curve of admissible sections such that s0 = s, then the func-
tion
f (t) :=
∫
V
(
j1st
)∗
hλ
will have a critical point in t = 0.
Conversely, let σ : V → J1p be an extremal for the variational problem V(1). Then we
have that
σ = j1 (p10 ◦ σ) , (p10 ◦ σ)
∗
αi = 0,
and the result follows. 
3.3. Local and global Chern-Simons Lagrangians. Let K be a Lie group and πζ : Rζ →
M a K-principal bundle (the notation will be explained later); on its first order jet space
(πζ)1 : J
1πζ →M
we will define a (global) variational problem, which we will prove to represent Chern-
Simons gauge theory. In order to accomplish this task, it will be necessary to lift it to
J1 (πζ)1, and compare it with the variational problem defined by local data, which lives
on J1πζ.
Let us now suppose that we have an invariant polynomial q : k → R of degree n.
According to the Chern-Simons theory [CS74; Mor01], the 2n-form
α := q (F) ∈ Ω2n
(
J1πζ
)
is closed.
Remark 4. When the Lie algebra comes with an invariant bilinear form, we can consider
the quadratic polynomial
q (F) :=
〈
F ∧, F
〉
;
in this case, the transgression is given by
Tq (A, F) =
〈
A ∧, F
〉
−
1
6
〈
A ∧,
[
A ∧, A
]〉
.
In any case, the transgression formula can be applied to the bundle
pr1 : J
1πζ ×C(Rζ) J
1πζ → J1πζ,
which is a trivial K-principal bundle; it means that α is not only closed, but also exact.
Therefore, there exists a (2n − 1)-form
β := Tq (A, F) ∈ Ω2n−1
(
J1πζ
)
,
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such that
dβ = pr∗1α.
On the other hand, we have another K-principal bundle structure, namely the quotient
map
p
J1piζ
K : J
1πζ → C (Rζ) ,
and q (F) defines a Chern class for it. Accordingly, there exists a 2n-form γ on C (Rζ) such
that (
p
J1piζ
K
)∗
γ = q (F) .
Moreover, using the canonical 2-form F2 on the bundle of connections C (Rζ), we can
prove that
γ = q (F2) .
But now, this bundle is not trivial in general; in short, from decomposition
J1πζ = Rζ ×M C (Rζ) ,
we obtain that it is trivial if and only if the bundle
πζ : Rζ →M
is. In consequence, it is not expected that the 2n-form γ, although closed, should also
be exact; it is the reason why, although we have a global variational problem on J1πζ, it
cannot be reproduced on C (Rζ), even having in mind that the transformations properties
of LCS are telling us that the degrees of freedom associated to the Rζ-factor can be ignored.
Nevertheless, because Rζ admits trivializing open sets, the previous considerations can
be used to associate to every such set U ⊂M a Lagrangian LU := Tq
(
AU2 , F2
)
, where
AU2 ∈ Ω
1
(
(πζ)
−1
(U) , k
)
is a 1-form such that (
p
J1piζ
K
)∗
AU2 = A|((piζ)1)
−1
(U)
.
The Lagrangians
L
(1)
CS := h (LU)
coincide with the local Lagrangians considered in [Tej04]; therefore, we have the follow-
ing result.
Theorem 1. Let M be a (2n − 1)-dimensional manifold. There exists a (local) one-to one
correspondence between the extremals of the variational problem(
[(πζ)1]1 : J
1 (πζ)1 →M,h (λCS) , Icon)
restricted to [(πζ)1]
−1
1
(U) and the variational problem(
(πζ)1 : J
1πζ →M,h (LU) , Icon) .
Remark 5. Another global version for Chern-Simons field theory can be found in [Bor+07],
where an additional field is introduced, in order to recover the global nature of the trans-
gression form.
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Remark 6. A study of conditions ensuring the existence of global solutions for the local
variational problem for Chern-Simons gauge theory can be found in [PW17]. In this re-
gard, it is interesting to note that here we have changed a variational problem determined
by local data and whose sections could be globally defined, by a variational problem de-
scribed by global data, but whose sections are forced to have local nature (part of these
sections are sections of a principal bundle).
4. UNIVERSAL VARIATIONAL PROBLEM FOR CHERN-SIMONS GAUGE THEORY
The present section describes a construction intended to avoid the apparent paradox
mentioned in the introduction; as we have said there, the price to pay is to work with a
kind of variational problem slightly more general than those usually considered in field
theory. Definition 2 introduces a handy notation for them.
In order to proceed further, let π : P →M be a principal group with structure group G.
LetH ⊂ G be a closed Lie subgroup of G and indicate with Rζ ⊂ P a principal subbundle of
P associated to the immersion H →֒ G (the notation will be explained later). Our starting
point will be the following diagram
(4.1)
J1 (πζ)1 J
1πζ
J1π1 J
1π
J1πζ C (Rζ)
J1π C (P)
Rζ
P M
j1p
J1piζ
H
((piζ)1)10
(piζ)10
j1pPG
(pi1)10
p
J1piζ
H
(piζ)10
piζ
pJ
1pi
G
pi10 pi
piζ
pi
Recall that πζ : C (Rζ) → M is the connection bundle associated to the principal bundle
Rζ. We will indicate with
ω ∈ Ω1
(
J1π, g
)
, Ω ∈ Ω2
(
J1π, g
)
the canonical connection and its associated curvature form, respectively, on pJ
1pi
G : J
1π →
C (P) and with
A ∈ Ω1
(
J1πζ, h
)
, F ∈ Ω2
(
J1πζ, h
)
the canonical connection and curvature on pJ
1piζ
G : J
1πζ → C (Rζ). Then, we consider a
Lagrangian form LCS ∈ Ωm
(
J1π
)
,m = dimM, fulfilling the following requirements:
• LCS is a polynomial (in the exterior algebra of J1π) in ω and Ω; namely
LCS = p (ω,Ω) .
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In the particular case of Chern-Simons field theory, we should takem = 3 and the
Lagrangian 3-form is given by the formula
(4.2) LCS := 〈ω,Ω〉−
1
6
〈
ω ∧,
[
ω ∧, ω
]〉
.
• For s : U ⊂M→ J1π a section of π1 : J1π→M, g : U→ G a map and
s : U→ J1π : x 7→ s (x) · g (x) ,
the following transformation property holds
s∗LCS = s
∗LCS + µs,
where µs ∈ Ωm
(
J1π
)
is a closed m-form on J1π.
Accordingly, let us define the Lagrangian m-form λCS on J1πζ using pullback
λCS :=
(
j1iζ
)∗
LCS = p (A, F) .
So far, we have three different variational problems associated to Diagram (4.1), which
we want to relate, namely
• The classical variational problem defined by local data on J1πζ, as described in
[Tej04],
• a global variational problem on J1πζ, with action given by the formula
s 7→
∫
U
s∗ (λCS) ,
where s : U ⊂ M → J1πζ is an arbitrary section of (πζ)1 : J1πζ → M. It
is convenient to stress here that sections to be evaluated in the action of this
variational problem are arbitrary; namely, we are taking as admissible sections
that are not necessarily holonomic. Finally,
• a Chern-Simons like variational problem on J1π: The action is specified by the
Lagrangianm-form LCS and the admissible sections σ : U ⊂M→ J1π are defined
by the requirement
σ∗ (πV ◦ω) = 0,
where πV : g→ V is the projection associated to a decomposition
g = h⊕ V.
The liftings of the variational problems on J1π and J1πζ (as discussed in Section 3.3)
will give us the desired variational problems in the top level of Diagram (4.1). In terms of
these lifted variational problems we will perform the comparison with the Chern-Simons
variational problem on J1πζ. So far, we have proved that the extremals of the first and
second kind of variational problems can be put in correspondence under mild conditions
(Theorem 1); accordingly, the next matter to be addressed is the way in which extremals
of the variational problems on J1π and J1πζ are related. To this task is devoted Theorem
2: it results that the variational problem on J1π prescribed by the Lagrangian form LCS
and the set of constraints πV ◦ω play the role of a kind of universal variational problem,
whose extremals could be used to represent the extremals of variational problems on any
H-principal subbundle Rζ ⊂ P.
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Theorem 2. Let F := {Rζ} be a complete family of H-subbundles of P. Then, for any H-
principal subbundle Rζ ⊂ P, the extremals of
(
(πζ)1 : J
1πζ →M,λCS, 0) are in a local one-
to-one correspondence with the extremals of(
π1 : J
1π→M,LCS, πV ◦ω) .
Proof. This theorem is consequence of a known fact about connections on subbundles of
principal bundles [KN63, p. 83]: A connection defined on P for a 1-form ω is reducible to
a connection on Rζ if and only if its pullback to Rζ is h-valued.
So, let s : U → J1π = P ×M C (P) be an extremal for the variational problem on J1π;
the fact that
s∗ (πV ◦ω) = 0
is equivalent to assume that the associated connection pJ
1pi
G ◦ s has a connection form
ωs taking values in h. Additionally, use the completeness of the family F to find a H-
subbundle Rζ ∈ F such that (π10 ◦ s) (x) ∈ Rζ for all x ∈ U. Then the fact about connec-
tions quoted above will tell us that
s (x) ∈ Rζ ×M C (Rζ)
for all x ∈ U, and also
s∗LCS = s
∗λCS
by construction. Now, it could be the case that not any section of (πζ)1 : J
1πζ →M comes
through the anterior construction, and so when performing variations on s, some of it are
lost. In order to prove that this is not so, let s : U→ J1πζ be an extremal of the variational
problem
(
J1πζ, λCS, 0
)
. Then
(πζ)10 ◦ s : U→ Rζ ⊂ P
is a section of π : P →M, and using in this case [KN63, Prop. 6.1 in p. 79], we have that
the connection
p
J1piζ
H ◦ s : U→ C (Rζ)
determines a unique connection Γs : U→ C (P) on P with the property that its connection
form is h-valued when pulled back to Rζ. Therefore, the section
σ := ((πζ)10 ◦ s, Γs) : U→ J1π
verifies that
σ∗LCS = σ
∗λCS
and also σ∗ (πV ◦ω) = 0, namely, we have lifted a section of (πζ)1 to a section of π1. Thus,
when performing variations of s as section of (πζ)1, any variation is lifted to a variation of
s as section of π1; because it is an extremal of the problem(
π1 : J
1π→M,LCS, πV ◦ω) ,
then s is an extremal of
(
J1πζ, λCS, 0
)
.
Conversely, let us consider an extremal sζ : U→ J1πζ for the variational problem(
(πζ)1 : J
1πζ →M,λCS, 0) ;
recall from the previous discussion that any such section can be considered as an admissi-
ble section of π1. Moreover, around every x ∈ U there exists an open set U ′, a map
g : U ′ → G
GEOMETRICAL SETTING FOR GRAVITY AND CHERN-SIMONS 13
and a section
s : U ′ → J1π
such that
s (y) = sζ (y) · g (y)
for all y ∈ U ′. Thus any variation of sζ as section of π1 induces a variation of sζ as section
of (πζ)1, for a fixed ζ; by the transformation property of LCS, as these variations differ in
a gauge transformation, s is an extremal for the variational problem on J1π restricted to
U ′. 
Remark 7. Let
K :=
{
A ∈ GL (m,R) : AηAT = η
}
be the Lorentz group associated to the signature matrix η, as defined in Equation (2.2).
When applied to the case
P! AM, H! K⋉R3, Rζ! Oζ := {u ∈ AM : β ◦ u is ζ− orthogonal}
for any ζ : M→ Σ := LM/K, Theorem 2 solves the concern (mentioned in the introductory
section) underlying the usual descriptions of the correspondence between gravity and
Chern-Simons field theory, namely, the fact that it is not clear from the beginning which(
K⋉R3
)
-principal bundle should be used, because the metric ζ is part of the dynamical
fields in gravity, and thus it is not fixed in advance. This lack of uniqueness in the choice
of the
(
K⋉R3
)
-bundle disappears when working with the universal variational problem
on J1π.
Remark 8. It could be interested to note that the universality of the variational problem
posed by the data
(4.3)
(
π1 : J
1π→M,LCS, πp ◦ω)
is independent of the dimension of the base space M. Accordingly, it is suitable for es-
tablishing a similar universality result for Chern-Simons Lagrangians intended to describe
Lovelock gravity (see for example [Cha89; IRS05; Mor14] and references therein).
5. LIFT OF CONNECTIONS TO THE AFFINE FRAME BUNDLE
So far we have a universal variational problem (4.3) for the family of Chern-Simons
gauge theory living in the jet space of a principal bundle π : P → M. From now on we
will devoted ourselves to particularize this definition to a very specific principal bundle,
the so called affine frame bundle (see Definition 6 below), and to relate the variational
problem so obtained with Palatini gravity. It results that this relationship is very similar to
the very natural relation that there exists between connections on the frame bundle and
connections on the affine bundle. To describe this geometrical correspondence is devoted
the following section.
We have the splitting short exact sequence
0 Rm A (m,R) GL (m,R) 1
α β
β
γ
GEOMETRICAL SETTING FOR GRAVITY AND CHERN-SIMONS 14
where A (m,R) ⊂ GL (m+ 1,R) is the subgroup of matrices of the form
B :=
[
a ξ
0 1
]
where a ∈ GL (m,R) and ξ ∈ Rm; the maps in the sequence read
α (ξ) :=
[
1 ξ
0 1
]
, β
([
a ξ
0 1
])
:=
[
a 0
0 1
]
,
and
γ (a) :=
[
a 0
0 1
]
.
Because this short sequence splits, we can consider
A (m,R) = GL (m,R)⊕ Rm,
with the isomorphism of groups given by
GL (m,R)⊕ Rm → A (m,R) : (a, ξ) 7→ γ (a) + α (ξ) .
Now, let Am be the set Rm considered as an affine space; we can set an isomorphism
between A (m,R) and the set of affine maps
f : Am → Am;
in fact, given B = (a, ξ), the associated affine map reads
fB (z) := az+ ξ
for every z ∈ Am.
In the same vein, let Ax (M) be the set TxM considered as an affine space, for every
x ∈M. As it is well-known [KN63], the set of affine maps
u : Am → Ax (M)
for every x ∈ M has structure of A (m,R)-principal bundle; the action of an element
B ∈ A (m,R) is simply given by
u · B := u ◦ B.
Definition 6 (Bundle of affine frames). The bundle of affine frames onM will be the set
AM :=
⋃
x∈M
{u : Am → Ax (M) affine} .
As it follows from the general theory of principal bundles, there exists a pair of principal
bundle morphisms associated to the homomorphisms β : A (m,R) → GL (m,R) and γ :
GL (m,R)→ A (m,R)
AM LM
M
β
γ
τ
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For any G-principal bundle π : P → M, the affine bundle (C (P) , π,M) defined through
the diagram
J1π P
C (P) := J1π/G M
pi10
pJ
1pi
G
pi
pi
is called the bundle of connections of the bundle P, and we can establish a canonical one-to-
one correspondence between its sections and principal connections on P. The correspon-
dence is given as follows: Any element j1xs ∈ J
1π is a linear map
j1xs : TxM→ Ts(x)P
such that
Ts(x)π ◦ j
1
xs = idTxM,
and so a G-orbit
[
j1xs
]
G
can be interpreted as a linear map[
j1xs
]
G
: TxM→ (TP/G)x .
Given u ∈ P, there exists a unique m-dimensional subspace Hu ⊂ TuP such that[
j1xs
]
G
(TxM) = p
TP
G (Hu) ;
the assignment u 7→ Hu is the connection associated to [j1xs]G.
Therefore we have the diagram
J1 (τ ◦ β) C (AM)
J1τ C (LM)
AM LM M
p
J1(τ◦β)
A(m,R)
j1β
(τ◦β)10
[j1β]
pJ
1τ
GL(m,R)
τ10 τ
β τ
It is a theorem that any connection Γ : M → C (LM) gives rise to a unique connection
Γ˜ : M→ C (AM) such that if
ω0 ∈ Ω
1 (LM, gl (m,R)) and ω˜0 ∈ Ω1 (AM, a (m,R))
are the corresponding connection forms, then
γ∗ω˜0 = ω0 + θ,
where θ ∈ Ω1 (LM,Rm) is the canonical solder 1-form on LM.
Definition 7 (Witten map). The Witten map w : Γ (τ)→ Γ (τ ◦ [j1β]) is the map given by
w (Γ) := Γ˜
for every connection Γ : M→ C (LM).
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6. CHERN-SIMONS VARIATIONAL PROBLEM WITH LIE GROUP A (3,R)
Using Equation (4.3) and the geometrical constructions performed in Section 5, we
will define a Griffiths variational problem on J1 (τ ◦ β) in order to represent Chern-Simons
gauge theory. To proceed, let us define the bilinear form 〈·, ·〉 : gl (m) × gl (m) → R given
by
〈a, b〉 := ηijηkla
k
i b
l
j.
Recall that K ⊂ GL (m,R) is the Lorentz group defined by the matrix η (see Equation
(2.2)); as always, k will indicate its Lie algebra. Then we have the following result.
Lemma 3. The bilinear form 〈·, ·〉 is non degenerate and K-invariant.
Let us now suppose that m = 3; then we have the isomorphism [Wis10]
k ≃ R3
given by
ξ =
(
ξi
)
7→ aji := ηjkǫiklξl.
It allows us to use the prescription
〈(a, ξ) , (b, ζ)〉 := 〈a, ζ〉+ 〈b, ξ〉
for the extension of the bilinear form defined above to k ⋉ R3; recalling Equation (2.3),
we see that it can be extended further to a (3) by declaring that p + 0 ⊥ k⊕ R3 and
〈(a, 0) , (b, 0)〉 = 〈a, b〉
for any a, b ∈ p. Thus we have a quadratic form
q : a (3)→ R : (a, ξ) 7→ 〈(a, ξ) , (a, ξ)〉 .
Definition 8 (Chern-Simons Lagrangian 3-form). The Lagrangian form for Chern-Simons
variational problem is the 3-form LCS ∈ Ω3
(
J1 (τ ◦ β)
)
defined through
LCS :=
〈
ω ∧, Ω
〉
−
1
6
〈
ω ∧,
[
ω ∧, ω
]〉
,
where ω ∈ Ω1
(
J1 (τ ◦ β) , a (3)
)
is the canonical connection on the principal bundle
p
J1(τ◦β)
A(3)
: J1 (τ ◦ β)→ C (AM).
Additionally, it is necessary to prescribe the set of constraints that sections σ : U ⊂M→
J1 (τ ◦ β) should obey in order to be evaluated in the action associated to LCS. In order to
achieve it, let us consider the decomposition
a (3) = (p + 0)⊕
(
k⊕ R3
)
;
accordingly, let
πp : a (3)→ p + 0, πk : a (3)→ k⊕ R3
be the corresponding projectors.
Definition 9 (Constraints for Chern-Simons variational problem on A (3,R)). We will say
that a section σ : U ⊂ M → J1 (τ ◦ β) is admissible for the Chern-Simons variational
problem if and only if
σ∗ (πp ◦ω) = 0.
With these elements at hand, it is immediate to formulate the variational problem we
will use to represent Chern-Simons gauge theory in this context.
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Definition 10 (Chern-Simons variational problem on A (3,R)). It is the variational prob-
lem prescribed by the action
σ 7→
∫
U
σ∗ (LCS)
for σ : U ⊂M→ J1 (τ ◦ β) an admissible section.
In order to fit in the general scheme developed in Section 4, it will be necessary to
prove that LCS established by Definition 8 has the correct transformation properties. To
this end is devoted the following lemma, which is a reformulation of a previous result of
Freed [Fre95] to this new setting.
Lemma 4. Let (Q,π,N) be a H-principal bundle; indicate with ω ∈ Ω1
(
J1π, h
)
the canoni-
cal connection on the bundle
pJ
1pi
H : J
1π→ C (Q) .
Also, let s : U ⊂M→ J1π be a local section, and g : U→ H a map. Define the new section
s : U→ J1π : x 7→ s (x) · g (x) .
Then
(s∗ω)|x = Adg(x) ◦ (s
∗ω)|x + (g
∗λ)|x ,
where λ ∈ Ω1 (H, h) is the (left) Maurer-Cartan 1-form on H.
Corollary 1. For LCS given by Formula (4.2) and a section s constructed as in the previous
lemma, the following relation holds
s∗LCS = s
∗LCS + d
〈
Adg−1 ◦ s
∗ω ∧, g∗λ
〉
−
1
6
〈
g∗λ ∧,
[
g∗λ ∧, g∗λ
]〉
.
Remark 9. The 3-form 〈
g∗λ ∧,
[
g∗λ ∧, g∗λ
]〉
is closed; therefore, the last term does not contribute to the action when performing vari-
ations, and so
δ
∫
M
s∗LCS = δ
∫
M
s∗LCS.
It means that on J1π = Q ×M C (Q), the action associated to LCS is independent of
the Q-factor. Please note also that these considerations can be applied to the variational
problem on J1πζ prescribed by the Lagrangian form λCS, but cannot to the variational
problem on J1π, because in the latter case the sections should obey additional constraints,
and it reduces the symmetries of the variational problem (namely, not every g : U→ G is
allowed, just those taking values in the group of symmetries of the constraints). It tells us
that LCS should gives rise a variational problem on the reduced bundle
J1π/K = Q/K×M C (Q) ,
where K ⊂ G is the group of symmetries of the constraints.
Let τΣ : Σ → M be the bundle of metrics, obtained from the bundle of affine bundles
AM through quotient by the subgroup K ⋉ R3, or from the frame bundle LM through
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quotient by the subgroup K,
AM LM
Σ
M
β
pAM
K⋉R3
τ◦β
pLMK
τ
τΣ
The family of K-principal subbundles Oζ ⊂ AM will be defined as follows. For any section
ζ : M→ Σ (that is, a metric onM with η-signature) we define
Oζ := {u ∈ AM : β ◦ u is ζ− orthogonal} .
Because any section s = (v;X1, · · · , Xm) : U→ AM gives rise to a metric according to the
formula
ζs := η
ijXi ⊗ Xj,
it follows that
s (x) ∈ Oζs for all x ∈ U,
and this family of subbundles will be complete (in the sense of Definition 1). Thus, we
are in the scope of Theorem 2; accordingly, the Chern-Simons variational problem and
the variational problem defined on J1πζ have a one-to-one correspondence between its
extremals, for any metric ζ.
7. CHERN-SIMONS GAUGE THEORY FOR A (3,R) AND GRAVITY
In the present section we will give an interpretation to the universal variational problem
for Chern-Simons theory: It will become the variational problem for Palatini gravity, but
viewed from the viewpoint of affine geometry. Namely, using Diagram (4.1) adapted to
this particular case, we have the following chain of maps
J1 (τζ)1 J
1τζ
J1 (τ ◦ β) J1τζ
J1τ
j1p
J1τζ
K⋉R3
((τζ)1)10
j1βj1γ
for ζ : M → Σ a metric with η-signature. The upper right box encircles bundles whose
structure group is K ⋉ R3; the upper left box contains the bundle with structure group
GL (3,R)⋉R3, and finally, the lower dashed rectangle indicates the bundle whose structure
group is GL (3,R). So far we have proved that local variational problems on J1τζ can be
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globalized to a family of variational problems on J1τζ; moreover, we have shown how to
represent this family of variational problems with a unique variational problem of Griffiths
type on J1 (τ ◦ β). What we will show in the present section is how the canonical maps
between the frame bundle and the affine frame bundle allow us to interpret this universal
variational problem as the affine version of the Palatini variational problem.
Using the canonical basis {ei} for R3 and
{
Eji
}
for gl (3,R), we have
θ = θ
i
ei, ω = ω
i
jE
j
i, Ω = Ω
i
jE
j
i
for the canonical forms on J1τ.
Also, let us recall [Cap17; Cap+19] that the following 3-form on J1τ,
λPG := η
klǫlijθ
i
∧Ω
j
k,
is a Lagrangian form for Palatini gravity; in particular, it can be written
λPG =
〈
θ ∧, Ω
〉
=
〈
θ ∧, dω+
1
2
[
ω ∧, ω
]〉
.
In any case, it gives rise to a variational problem(
τ1 : J
1τ→M,λPG, πp ◦ω)
whose extremals are solution of the (vacuum) 3-dimensional Einstein equations; in this
context, the constraints πp ◦ ω are the so called metricity conditions, ensuring that if a
section
s : U→ J1π
is admissible, the parallel transport defined by the connection
pJ
1τ
K ◦ s : U→ C (LM)
is an isometry for the metric
g = ηijXi ⊗ Xj,
where
τ10 (s (x)) = (X1 (x) , · · · , Xm (x)) ∈ LxM
for all x ∈ U.
On the other side, we can write down
LCS =
〈
ω ∧, Ω
〉
−
1
6
〈
ω ∧,
[
ω ∧, ω
]〉
=
〈
ω ∧,
(
dω+
1
3
[
ω ∧, ω
])〉
.
Let σ : U→ J1τ be a local section of the jet space of the frame bundle, and define
s˜ := γ ◦ π10 ◦ σ : U→ AM;
also, define Γ˜ : U → C (AM) using the Witten map on the connection Γ := pJ1τ
GL(m)
◦ σ;
then we have a section
σ˜ : U→ J1 (τ ◦ β) : x 7→ (s˜ (x) , Γ˜ (x)) .
In this setting the following result holds; it is the classical result [Wit88b; Wis10] written
in terms of the constructions made in this context.
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Theorem 3. In the setting described above, the following identity
σ∗ (λPG) = σ˜
∗ (LCS)
holds.
Corollary 2. The extremals of the variational problems(
τ1 : J
1τ→M,λPG, πp ◦ω)
and (
(τ ◦ β)1 : J
1 (τ ◦ β)→M,LCS, πp ◦ω)
are in one-to-one correspondence through the maps β and γ.
8. CONCLUSIONS AND OUTLOOK
In the present article an interpretation of the correspondence between gravity and
Chern-Simons field theory on three dimensional spacetime is given in terms of the ge-
ometrical correspondence between the frame bundle and its affine counterpart. Although
in some sense this equivalence is reached by the theory developed by Wise [Wis+09], our
work departed from it in two ways:
• First, the variational problems discussed here live on the jet space of a principal
bundle, and
• we have given an interpretation of the affine counterpart of the Palatini gravity
Lagrangian, as the Lagrangian for an universal variational problem describing the
full family of geometrical Chern-Simons variational problem.
An extension of this scheme to the constructions in terms of Cartan geometry considered
by Wise in the previously cited article will be carried out elsewhere.
REFERENCES
[AT86] A. Achúcarro and P. Townsend. “A Chern-Simons action for three-dimensional
anti-de Sitter supergravity theories”. In: Physics Letters B 180.1 (1986),
pp. 89 –92. ISSN: 0370-2693. URL: http://www.sciencedirect.com/science/article/pii/0370269386901401.
[Ble81] D. Bleecker. Gauge Theory and Variational Principles. Addison-Wesley, 1981.
[Bor+07] A. Borowiec et al. “Covariant Lagrangian formalism for Chern-Simons the-
ories”. In: International Journal of Geometric Methods in Modern Physics
04.02 (2007), pp. 277–283. URL: https://doi.org/10.1142/S0219887807001990.
[Cap+19] S. Capriotti et al. “Griffiths Variational Multisymplectic Formulation for
Lovelock Gravity”. In: (2019).
[Cap17] S. Capriotti. “Unified formalism for Palatini gravity”. In: International Jour-
nal of Geometric Methods in Modern Physics (2017), p. 1850044. URL: http://www.worldscientific.com/doi/abs/10.1142/S0219887818500445.
[Cha89] A. Chamseddine. “Topological gauge theory of gravity in five and all odd
dimensions”. In: Physics Letters B 233.3-4 (Dec. 1989), pp. 291–294. URL:
https://doi.org/10.1016/0370-2693(89)91312-9.
[CM01] M. Castrillón López and J. Muñoz Masqué. “The geometry of the bundle of
connections”. In:Mathematische Zeitschrift 236 (2001), pp. 797–811. ISSN:
0025-5874. URL: http://dx.doi.org/10.1007/PL00004852.
[CS74] S.-S. Chern and J. Simons. “Characteristic Forms and Geometric Invari-
ants”. In: Annals of Mathematics 99.1 (1974), pp. 48–69. ISSN: 0003486X.
URL: http://www.jstor.org/stable/1971013.
REFERENCES 21
[DJT82] S. Deser, R. Jackiw, and S. Templeton. “Three-Dimensional Massive Gauge
Theories”. In: Phys. Rev. Lett. 48 (1982), pp. 975–978. URL: https://link.aps.org/doi/10.1103/PhysRevLett.48.975.
[EEMLRR96] A. Echeverría-Enríquez, M. C. Muñoz-Lecanda, and N. Román-Roy. “Ge-
ometry of Lagrangian First-order Classical Field Theories”. In: Fortschritte
der Physik/Progress of Physics 44.3 (1996), pp. 235–280. ISSN: 1521-3979.
URL: http://dx.doi.org/10.1002/prop.2190440304.
[Fre95] D. S. Freed. “Classical Chern-Simons theory. Part 1”. In: Adv. Math. 113
(1995), pp. 237–303.
[Gar72] P. L. García. “Connections and 1-jet fiber bundles”. In: Rend. Sem. Mat.
Univ. Padova 47 (1972), pp. 227–242. ISSN: 0041-8994.
[Gar74] P. L. García. “The Poincaré-Cartan invariant in the calculus of variations”.
In: Symposia Mathematica. Vol. 14. Instituto Nazionale di Alta Matematica
Roma. 1974, pp. 219–246.
[GIM97] M. Gotay, J. Isenberg, and J. Marsden. “Momentum maps and classical
relativistic fields. I: Covariant field theory”. In: (1997).
[Got91] M. Gotay. “An exterior differential system approach to the Cartan form”. In:
Symplectic geometry and mathematical physics. Actes du colloque de géométrie
symplectique et physique mathématique en l’honneur de Jean-Marie Souriau,
Aix-en-Provence, France, June 11-15, 1990. Ed. by P. Donato et al. Progress
in Mathematics. 99. Boston, MA, Birkhäuser, 1991, pp. 160–188.
[Gri82] P. Griffiths. Exterior Differential Systems and the Calculus of Variations. Progress
in Mathematics. Birkhauser, 1982. ISBN: 9783764331030.
[Heh+95] F. W. Hehl et al. “Metric-affine gauge theory of gravity: field equations,
Noether identities, world spinors, and breaking of dilation invariance”.
In: Physics Reports 258.1-2 (1995), pp. 1 –171. ISSN: 0370-1573. URL:
http://www.sciencedirect.com/science/article/B6TVP-3YF4FJX-8/2/081f60c165aabc88fcf56dce03faa8f4.
[Hsu92] L. Hsu. “Calculus of Variations via the Griffiths formalism”. In: J. Diff.
Geom. 36 (1992), pp. 551–589.
[IRS05] F. Izaurieta, E. Rodriguez, and P. Salgado. “On transgression forms and
Chern-Simons (super)gravity”. In: (2005).
[KN63] S. Kobayashi and K. Nomizu. Foundations of Differential Geometry. Vol. 1.
Wiley, 1963.
[Kru73] D. Krupka. “Some Geometric Aspects of Variational Problems in fibred
manifolds”. In: Folia Fac. Sci. Nat. Univ. Purk. Brunensis, Physica 14 (1973).
[LMD03] M. de León, J. C. Marrero, and D. M. de Diego. “A new geometric setting for
classical field theories”. In: Classical and Quantum Integrability. Institute of
Mathematics Polish Academy of Sciences, 2003. URL: https://doi.org/10.4064/bc59-0-10.
[LSVn15] M. de León, M. Salgado, and S. Vilariño.Methods of Differential Geometry in
Classical Field Theories. World Scientific, 2015. URL: https://www.worldscientific.com/doi/abs/10.1142/9693.
[Mor01] S. Morita. Geometry of Differential Forms. Vol. 201. Iwanami Series in Mod-
ern Mathematics. American Mathematical Society, 2001.
[Mor14] P. Mora. “Action principles for Transgression and Chern-Simons AdS gravi-
ties”. In: Journal of High Energy Physics 2014.11 (Nov. 2014). URL: https://doi.org/10.1007/jhep11(2014)128.
[PW17] M. Palese and E. Winterroth. “Topological obstructions in Lagrangian field
theories, with an application to 3D Chern–Simons gauge theory”. In: Jour-
nal of Mathematical Physics 58.2 (Feb. 2017), p. 023502. URL: https://doi.org/10.1063/1.4975336.
REFERENCES 22
[RSW89] T. R. Ramadas, I. M. Singer, and J. Weitsman. “Some comments on Chern-
Simons gauge theory”. In: Communications in Mathematical Physics 126.2
(Dec. 1989), pp. 409–420. URL: https://doi.org/10.1007/bf02125132.
[Sau89] D. J. Saunders. The Geometry of Jet Bundles. Cambridge University Press,
1989.
[VCB05] S. Vignolo, R. Cianci, and D. Bruno. “A first-order purely frame formula-
tion of general relativity”. In: Classical and Quantum Gravity 22.19 (2005),
p. 4063. URL: http://stacks.iop.org/0264-9381/22/i=19/a=016.
[Wis+09] D. K. Wise et al. “Symmetric space Cartan connections and gravity in three
and four dimensions”. In: Symmetry, Integrability and Geometry: Methods
and Applications 5 (2009), p. 080.
[Wis10] D. K. Wise. “MacDowell–Mansouri gravity and Cartan geometry”. In: Clas-
sical and QuantumGravity 27.15 (2010), p. 155010. URL: https://doi.org/10.1088%2F0264-9381%2F27%2F15%2F155010.
[Wit88a] E. Witten. “Topological quantum field theory”. In: Communications in Math-
ematical Physics 117.3 (1988), pp. 353–386. ISSN: 1432-0916. URL: https://doi.org/10.1007/BF01223371.
[Wit88b] E. Witten. “2+1-dimensional gravity as an exactly soluble system”. In: Nu-
clear Phys. B 311.1 (1988/89), pp. 46–78. ISSN: 0550-3213. URL: https://doi.org/10.1016/0550-3213(88)90143-5.
[Tej04] C. Tejero Prieto. “Variational formulation of Chern–Simons theory for ar-
bitrary Lie groups”. In: Journal of Geometry and Physics 50.1-4 (Apr. 2004),
pp. 138–161. URL: https://doi.org/10.1016/j.geomphys.2003.11.005.
DEPARTAMENTO DE MATEMÁTICA, UNIVERSIDAD NACIONAL DEL SUR AND CONICET, 8000 BAHÍA BLANCA,
ARGENTINA
E-mail address: santiago.capriotti@uns.edu.ar
